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Abstract

This document shows the derivation procedure of node transformations optimization (Section 4 in our paper) and bone transformations
optimization (Section 6 in our paper). The variables in our derivation in this supplemental document are consistent with our paper. In
Table 1, we list the general variables which are used in both the optimizations of node transformations and bone transformations.

Table 1: General variables in our paper.

Variables Meaning Variables Meaning

t the t-th frame vt
i the i-th original point (i.e., position) in frame t

Nt number of the original points in frame t yt
m the m-th registered point in frame t

qm the m-th point in the rest pose xt
m the m-th deformed point of qm in frame t

M number of points in {qm} D the dimension (i.e., 3) of the point clouds
Vt Vt = {vt

i}, D×Nt matrix Yt Yt = {yt
m}, D×M matrix

Q Q = {qm}, D×M matrix Xt Xt = {xt
m}, D×M matrix

1 Node Transformations Optimization
Eq. (1) represents the total energy in the M-step of the Non-rigid Registration (Section 4 in our paper). To be clear, the key
variables involved in node transformations optimization are presented in Table 2. Note that we omit the frame number t here for
simplicity.

Table 2: Key variables involved in optimization of node transformations.

Variables Meaning Variables Meaning

βsmooth weight of the smooth term βsmall weight of the small motion term
y′m new position induced by its neighboring nodes R j the j-th node rotation
T j the j-th node translation n j the j-th node (i.e., position)
nk nk ∈ N(n ĵ), i.e., neighbors of n j Rpre

j |T
pre
j the j-th node transformation at the previous iteration

E =
1

2σ2

N

∑
i=1

M

∑
m=1

pmi‖vi−y′m‖2 +
DNp

2
logσ

2

+
βsmooth

2 ∑
n j

∑
nk∈N(n ĵ)

ω̄ jk‖R j(nk−n j)+n j +T j− (nk +Tk)‖2

+
βsmall

2 ∑
j
‖R j−Rpre

j ‖
2
F +‖T j−Tpre

j ‖
2

(1)

Here, y′m = ∑n j ω̄m j[R j(ym−n j)+n j +T j], ω̄m j = ω̄(ym,n j,r j) and ω̄ jk = 1.



1.1 Partial Derivative with Respect to T ĵ

We first take the partial derivative of E with respect to T ĵ of a specific node ĵ and equate it to zero.

∂E
∂T ĵ

=− 2
2σ2

N

∑
i=1

M

∑
m=1

pmiω̄m ĵ(vi−am ĵ− ω̄m ĵ[R ĵ(ym−n ĵ)+n ĵ +T ĵ])

+
2βsmooth

2 ∑
nk∈N(n ĵ)

[R ĵ(nk−n ĵ)+n ĵ +T ĵ− (nk +Tk)]− [Rk(n ĵ−nk)+nk +Tk− (n ĵ +T ĵ)]

+
2βsmall

2
(T ĵ−Tpre

ĵ
) = 0

(2)

Here, am ĵ = ∑n j 6=n ĵ
ω̄m j[R j(ym−n j)+n j +T j]. Reorganizing Eq. (2), we can obtain

T ĵ

( 1
σ2
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∑
i=1

M

∑
m=1

pmiω̄
2
m ĵ +2βsmooth ∑

nk∈N(n ĵ)

1+βsmall

)
+R ĵ

( 1
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∑
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pmiω̄
2
m ĵ(ym−n ĵ)+βsmooth ∑

nk∈N(n ĵ)
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=−
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σ2
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∑
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M

∑
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pmiω̄m ĵ(vi−am ĵ− ω̄m ĵn ĵ)+βsmooth ∑
nk∈N(n ĵ)

[2(n ĵ−nk−Tk)−Rk(n ĵ−nk)]−βsmallT
pre
ĵ

} (3)

Let C ĵ = 1
σ2 ∑

N
i=1 ∑

M
m=1 pmiω̄

2
m ĵ + 2βsmooth ∑nk∈N(n ĵ)

1 + βsmall, µy = 1
C ĵ

(
1

σ2 ∑
N
i=1 ∑

M
m=1 pmiω̄

2
m ĵ(ym − n ĵ) +

βsmooth ∑nk∈N(n ĵ)
(nk − n ĵ)

)
and µv = − 1

C ĵ
{− 1

σ2 ∑
N
i=1 ∑

M
m=1 pmiω̄m ĵ(vi − am ĵ − ω̄m ĵn ĵ) + βsmooth ∑nk∈N(n ĵ)

[2(n ĵ − nk −
Tk)−Rk(n ĵ−nk)]−βsmallT

pre
ĵ
}. Then we can obtain:

T ĵ = µv−R ĵµy (4)

C ĵ, µv and µy can be further rewritten in matrix form. C ĵ =
1

σ2 (P1)T ΩΩΩ
2
:, ĵ +2βsmooth|N(n ĵ)|+βsmall, µv =− 1

C ĵ
{− 1

σ2 [

(PXT )T ΩΩΩ:, ĵ − A ĵdiag(ΩΩΩ:, ĵ)P1 − n ĵ(P1)T ΩΩΩ
2
:, ĵ] + βsmooth ∑nk∈N(n ĵ)

[2(n ĵ − nk − Tk) − Rk(n ĵ − nk)] − βsmallT
pre
ĵ
}, µy =

1
C ĵ
[ 1

σ2 (Ydiag(ΩΩΩ2
:, ĵ)P1 − n ĵ(P1)T ΩΩΩ

2
:, ĵ) + βsmooth ∑nk∈N(n ĵ)

(nk − n ĵ)]. A ĵ is a D × M matrix with elements am ĵ =

∑n j 6=n ĵ
ω̄m j[R j(ym− n j) + n j +T j]. 1 is a N × 1 vector with all ones. ΩΩΩ is a M×K matrix with elements ω̄m j and ΩΩΩ:, ĵ is

the ĵ-th column of ΩΩΩ. ΩΩΩ
2
:, ĵ is the column consisting of squared values of elements in ΩΩΩ:, ĵ. diag() denotes the diagonal matrix.

P = {pmi}.

1.2 Solving Node Transformations

We can obtain the following function involving only R ĵ by substituting Eq. (4) into Eq. (1).

E(R ĵ) =
1

2σ2
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∑
i=1

M

∑
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2

+
βsmall

2
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F +‖T ĵ−Tpre
ĵ
‖2
)

(5)

We denote the first term in the right side of Eq. (5) as E1.



E1 =
1
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∑
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M

∑
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=
1

2σ2

N

∑
i=1

M

∑
m=1
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+
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(6)

Now we extract the third term of Eq. (6).

1
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∑
i=1

M

∑
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pmi‖R ĵ(ω̄m ĵym− ω̄m ĵn ĵ− ω̄m ĵµy)‖2

=
1

2σ2
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∑
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M

∑
m=1

pmiω̄
2
m ĵ‖R ĵ(ym−n ĵ−µy)‖2

=
1

2σ2

N

∑
i=1

tr
(

diag(P:,i)diag(ΩΩΩ2
:, ĵ)(R ĵY1)

T (R ĵY1)
)

=
1

2σ2

N

∑
i=1

tr
(

diag(P:,i)diag(ΩΩΩ2
:, ĵ)Y

T
1 RT

ĵ R ĵY1

)
(7)

Here, Y1 is a D×M matrix with columns (ym−n ĵ−µy). By considering the orthogonal constraint (RT
ĵ R ĵ = I, I is an identity

matrix), we can obtain 1
2σ2 ∑

N
i=1 ∑

M
m=1 pmi‖R ĵ(ω̄m ĵym− ω̄m ĵn ĵ− ω̄m ĵµy)‖2 = 1

2σ2 ∑
N
i=1 tr

(
diag(P:,i)diag(ΩΩΩ2

:, ĵ)

YT
1 Y1

)
. tr() is the trace operation. Therefore, the first and third terms in Eq. (6) are constants, and E1 can be rewritten as:

E1 =−
1

σ2

N

∑
i=1

M

∑
m=1

pmi(vi−am ĵ− ω̄m ĵn ĵ− ω̄m ĵµv)
T R ĵ(ω̄m ĵym− ω̄m ĵn ĵ− ω̄m ĵµy)+ z1

=− 1
σ2

( N

∑
i=1

M

∑
m=1

pmiω̄m ĵv
T
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N

∑
i=1

M

∑
m=1

pmiω̄m ĵa
T
m ĵR ĵ(ym−n ĵ−µy)

−
N

∑
i=1

M

∑
m=1

pmiω̄m ĵω̄m ĵn
T
ĵ R ĵ(ym−n ĵ−µy)−

N

∑
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M

∑
m=1

pmiω̄m ĵω̄m ĵµ
T
v R ĵ(ym−n ĵ−µy)

)
+ z1

=−tr
( 1

σ2 Y1[diag(ΩΩΩ:, ĵ)PVT −diag(P1)diag(ΩΩΩ:, ĵ)A
T
ĵ −diag(ΩΩΩ2

:, ĵ)P1nT
ĵ −diag(ΩΩΩ2

:, ĵ)P1µ
T
v ]R ĵ

)
+ z1

(8)

Similarly, we can rewrite the second and third terms in Eq. (5) as follows.

E2 = tr
(

βsmooth ∑
nk∈N(n ĵ)

[(nk−n ĵ−µy)(n ĵ +µv−nk−Tk)
T +µy(Rk(n ĵ−nk)+nk +Tk−n ĵ−µv)

T ]R ĵ

)
+ z2 (9)

E3 =−tr
(

βsmall[(R
pre
ĵ
)T +µy(µv−Tpre

ĵ
)T ]R ĵ

)
+ z3 (10)

Finally, E can be rewritten as follows.

E =−tr(HR ĵ)+ z, (11)



where z is a constant, and H = H1−H2 +H3. H1 = 1
σ2 Y1[diag(ΩΩΩ:, ĵ)PVT − diag(P1)diag(ΩΩΩ:, ĵ)A

T
ĵ − diag(ΩΩΩ2

:, ĵ)P1nT
ĵ −

diag(ΩΩΩ2
:, ĵ)P1µT

v ], H2 = βsmooth ∑nk∈N(n ĵ)
[(nk − n ĵ − µy)(n ĵ + µv− nk −Tk)

T + µy(Rk(n ĵ − nk)+ nk +Tk − n ĵ − µv)
T ], and

H3 = βsmall[(R
pre
ĵ
)T +µy(µv−Tpre

ĵ
)T ].

After achieving the above function (Eq. (11)), R ĵ can be then solved according to Section 4.3 (Other Constraints and Mini-
mization) in our paper. T ĵ can also be easily computed via Eq. (4) after solving R ĵ.

2 Bone Transformations Optimization
The transformation optimization of a specific bone is similar to the above. However, it is more complicated than the node
transformation optimization since it involves multiple classes of parameters. According to our optimization scheme, the other
parameters are fixed when optimizing one class of parameters. Regarding bone transformations ({Rt

j,Tt
j}), we optimize one

bone by fixing the remaining bones. Eq. (12) shows the total energy of a specific bone ĵ in the M-step of Section 6 in our paper.
For clarity purposes, we list the key variables involved in bone transformations optimization in Table 3.

Table 3: Key variables involved in the transformation optimization of a specific bone ĵ.

Variables Meaning Variables Meaning

wm ĵ weight imposed on the m-th point by bone ĵ Rt
ĵ

rotation of bone ĵ
Tt

ĵ
translation of bone ĵ < ĵ,k >∈ S bones ĵ and k are connected in cluster graph S

c ĵk location of joint by bones ĵ and k ζ weight of the registration term
α weight of the joint term γ weight of the small motion term

E(Rt
ĵ,T

t
ĵ) =

1
2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi‖vt

i−ut
m ĵ−wm ĵ(R

t
ĵqm +Tt

ĵ)‖
2

+
ζ

2

M

∑
m=1
‖yt

m−ut
m ĵ−wm ĵ(R

t
ĵqm +Tt

ĵ)‖
2

+
α

2 ∑
< ĵ,k>∈S

‖(Rt
ĵc ĵk +Tt

ĵ)− (Rt
kc ĵk +Tt

k)‖2

+
γ

2

(
‖Rt

ĵ−Rpre
ĵ
‖2

F +‖Tt
ĵ−Tpre

ĵ
‖2
)

(12)

Here, ut
m ĵ

= ∑
B
j=1, j 6= ĵ wm j(Rt

jqm +Tt
j) and Ut

ĵ
= {ut

m ĵ
}.

2.1 The Relation between Rt
ĵ

and Tt
ĵ

Taking the partial derivative of E(Rt
ĵ
,Tt

ĵ
) with respect to Tt

ĵ
, we can get:

∂E
∂Tt

ĵ

=− 1
τ t

Nt

∑
i=1

M

∑
m=1

pt
miwm ĵ

(
vt

i−ut
m ĵ−wm ĵ(R

t
ĵqm +Tt

ĵ)
)

−ζ

M

∑
m=1

wm ĵ

(
yt

m−ut
m ĵ−wm ĵ(R

t
ĵqm +Tt

ĵ)
)

+α ∑
< ĵ,k>∈S

(
(Rt

ĵc ĵk +Tt
ĵ)− (Rt

kc ĵk +Tt
k)
)

+ γ(Tt
ĵ−Tpre

ĵ
)

(13)

Reorganizing Eq. (13) and equating it to 0, we can obtain:

Tt
ĵ

( 1
τ t

Nt

∑
i=1

M

∑
m=1

pt
miw

2
m ĵ +ζ

M

∑
m=1

w2
m ĵ +α ∑

< ĵ,k>∈S
1+ γ

)
=−Rt

ĵ

( 1
τ t

Nt

∑
i=1

M

∑
m=1

pt
miw

2
m ĵqm +ζ

M

∑
m=1

w2
m ĵqm +α ∑

< ĵ,k>∈S
c ĵk

)

+
( 1

τ t

Nt

∑
i=1

M

∑
m=1

pt
miwm ĵ(v

t
i−ut

m ĵ)+ζ

M

∑
m=1

wm ĵ(y
t
m−ut

m ĵ)+α ∑
< ĵ,k>∈S

(Rt
kc ĵk +Tt

k)+ γTpre
ĵ

) (14)



Let Ct
ĵ
= 1

τt ∑
Nt

i=1 ∑
M
m=1 pt

miw
2
m ĵ + ζ ∑

M
m=1 w2

m ĵ + α ∑< ĵ,k>∈S 1 + γ , µ t
u ĵ

= 1
Ct

ĵ

(
1
τt ∑

Nt

i=1 ∑
M
m=1 pt

miwm ĵ(v
t
i − ut

m ĵ
) +

ζ ∑
M
m=1 wm ĵ(y

t
m − ut

m ĵ
) + α ∑< ĵ,k>∈S(R

t
kc ĵk + Tt

k) + γTpre
ĵ

)
and µ t

q ĵ
= 1

Ct
ĵ

(
1
τt ∑

Nt

i=1 ∑
M
m=1 pt

miw
2
m ĵqm + ζ ∑

M
m=1 w2

m ĵqm +

α ∑< ĵ,k>∈S c ĵk

)
. Then we can obtain the relation between Rt

ĵ
and Tt

ĵ
.

Tt
ĵ = µ

t
u ĵ−Rt

ĵµ
t
q ĵ (15)

Rewriting Ct
ĵ
, µ t

u ĵ
and µ t

q ĵ
in the matrix form, we can get Ct

ĵ
= 1

τt (Pt1)T W2
:, ĵ + ζ (W2

:, ĵ)
T 1 + α ∑< ĵ,k>∈S 1 +

γ , µ t
u ĵ

= 1
Ct

ĵ

(
1
τt ((PtVt T )T W:, ĵ − Ut

ĵ
diag(W:, ĵ)P

t1) + ζ (Yt − Ut
ĵ
)W:, ĵ + α ∑< ĵ,k>∈S(R

t
kc ĵk + Tt

k) + γTpre
ĵ

)
, and µ t

q ĵ
=

1
Ct

ĵ

(
1
τt Qdiag(W2

:, ĵ)P
t1+ ζ QW2

:, ĵ +α ∑< ĵ,k>∈S c ĵk

)
. W:, ĵ is the ĵ-th column of W. W2

:, ĵ is the column consisting of squared

values of elements in W:, ĵ. Pt = {pt
mi}. diag() denotes the diagonal matrix.

2.2 Solving Rt
ĵ

Substituting Eq. (15) into Eq. (12), we can obtain:

E(Rt
ĵ) =

1
2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi‖vt

i−ut
m ĵ−wm ĵ(R

t
ĵqm +µ

t
u ĵ−Rt

ĵµ
t
q ĵ)‖

2

+
ζ

2

M

∑
m=1
‖yt

m−ut
m ĵ−wm ĵ(R

t
ĵqm +µ

t
u ĵ−Rt

ĵµ
t
q ĵ)‖

2

+
α

2 ∑
< ĵ,k>∈S

‖(Rt
ĵc ĵk +µ

t
u ĵ−Rt

ĵµ
t
q ĵ)− (Rt

kc ĵk +Tt
k)‖2

+
γ

2

(
‖Rt

ĵ−Rpre
ĵ
‖2

F +‖µ t
u ĵ−Rt

ĵµ
t
q ĵ−Tpre

ĵ
‖2
)

(16)

Now we focus on the first term on the right side and denote it as E1.

E1 =
1

2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi‖vt

i−ut
m ĵ−wm ĵ(R

t
ĵqm +µ

t
u ĵ−Rt

ĵµ
t
q ĵ)‖

2

=
1

2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi‖vt

i−ut
m ĵ−wm ĵµ

t
u ĵ‖

2

− 2
2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi(v

t
i−ut

m ĵ−wm ĵµ
t
u ĵ)

T Rt
ĵ(qmwm ĵ−µ

t
q ĵwm ĵ)

+
1

2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi‖Rt

ĵ(qmwm ĵ−µ
t
q ĵwm ĵ)‖

2,

(17)

We extract the last term on the right side of Eq. (17) and can obtain:

1
2τ t

Nt

∑
i=1

M

∑
m=1

pt
mi‖Rt

ĵ(qmwm ĵ−µ
t
q ĵwm ĵ)‖

2

=
1

2τ t

Nt

∑
i=1

M

∑
m=1

pt
miw

2
m ĵ‖R

t
ĵ(qm−µ

t
q ĵ)‖

2

=
1

2τ t

Nt

∑
i=1
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(

diag(Pt
:,i)diag(W2

:, ĵ)(R
t
ĵQ̄

t
ĵ)

T (Rt
ĵQ̄

t
ĵ)
)

=
1

2τ t

Nt

∑
i=1

tr
(

diag(Pt
:,i)diag(W2

:, ĵ)(Q̄
t
ĵ)

T Rt
ĵ
T Rt

ĵQ̄
t
ĵ

)
(18)

Here, Q̄t
ĵ
= Q−µ t

q ĵ
1. Since Rt

j
T Rt

j = I (the orthogonal constraint), so Eq. (18) is a constant. Thus, the first and third terms
in E1 are constants, and E1 can be rewritten as:



E1 =−
1
τ t

Nt

∑
i=1

M

∑
m=1

pt
mi(v

t
i−ut

m ĵ−wm ĵµ
t
u ĵ)

T Rt
ĵ(qmwm ĵ−µ

t
q ĵwm ĵ)+b1

=− 1
τ t tr

((
diag(W:, ĵ)P

tVt T −diag(Pt1)diag(W:, ĵ)U
t
ĵ
T −diag(W2

:, ĵ)P
t1µ

t
u ĵ

T
)

Rt
ĵQ̄

t
ĵ

)
+b1

=−tr
(

1
τ t Q̄t

ĵ

(
diag(W:, ĵ)P

tVt T −diag(Pt1)diag(W:, ĵ)U
t
ĵ
T −diag(W2

:, ĵ)P
t1µ

t
u ĵ

T
)

Rt
ĵ

)
+b1

(19)

We can derive the second to fourth terms in E(Rt
ĵ
) in a similar way as above.

E2 =−tr
(

ζ Q̄t
ĵ

(
diag(W:, ĵ)(Y

t T −Ut
ĵ
T −W:, ĵµ

t
u ĵ

T
)
)

Rt
ĵ

)
+b2 (20)

E3 =−tr
(

αC̄t
ĵ(C̃

t
ĵ)

T Rt
ĵ

)
+b3 (21)

E4 =−tr
(

γ[(Rpre
ĵ
)T +µ

t
q ĵ(µ

t
u ĵ−Tpre

ĵ
)T ]Rt

ĵ

)
+b3 (22)

Finally, E(Rt
ĵ
) can be rewritten as:

E(Rt
ĵ) =−tr(Zt

ĵR
t
ĵ)+b, (23)

where b is a constant, and Zt
ĵ
= Q̄t

ĵ
Ot

ĵ
+ αC̄t

ĵ
(C̃t

ĵ
)T + γHt

ĵ
. Q̄t

ĵ
= Q − µ t

q ĵ
1, Ot

ĵ
= 1

τt [diag(W:, ĵ)P
tVt T −

diag(Pt1)diag(W:, ĵ)U
t
ĵ
T − diag(W2

:, ĵ)P
t1µ t

u ĵ
T ] + ζ diag(W:, ĵ)(Y

t T −Ut
ĵ
T −W:, ĵµ

t
u ĵ

T ). C̄t
ĵ

is a matrix with column vectors

(c ĵk−µ t
q ĵ
), and C̃t

ĵ
is a matrix with column vectors (Rt

kc ĵk +Tt
k−µ t

u ĵ
). Ht

ĵ
= (Rpre

ĵ
)T +µ t

q ĵ
(µ t

u ĵ
−Tpre

ĵ
)T .

Rt
ĵ

can be solved according to Section 6.4 (Parameter Estimation) in our paper. Tt
ĵ

can be then computed via Eq. (15).


